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Reynolds-Stress Model Dual-Time-Stepping Computation
of Unsteady Three-Dimensional Flows

J. C. Chassaing,¤ G. A. Gerolymos,† and I. Vallet‡

Université Pierre-et-Marie-Curie, 91405 Paris, France

An ef� cient and robust implicit methodology for the integration of the unsteady three-dimensional compress-
ible Favre–Reynolds-averaged Navier–Stokes equations with near-wall Reynolds-stress closure is developed. The
� ve mean-� ow and seven turbulence transport equations are discretized on a structured deforming grid, using
an O(¢x3) � nite volume upwind-biased MUSCL scheme. Time integration uses an implicit O(¢t2) dual-time-
stepping procedure with alternating-direction-implict subiterations (with approximateJacobiansdesigned to min-
imize the computing time requirements of the implicit phase for the Reynolds stresses, so that the computational
overhead of the Reynolds-stress seven-equation closure, compared to a two-equation closure, is less than 30% per
iteration), based on a dynamic criterion of subiterative convergence. Grid-deformation velocities associated with
solid-wall displacement are computed using a Laplacian operator. The method is validated by comparison with
experimental data for 1) two-dimensional pitching oscillations of a NACA-0012 airfoil and 2) three-dimensional
shock-wave oscillation in a transonic channel. The in� uence of the various parameters of the method is analyzed
in detail.

Nomenclature
a = sound velocity
CFLmax = maximum value of the ratio of the

physical time step on the stability
time step

CFL¤ = Courant–Fredrichs–Lewy number used
for the pseudo time steps [Eq. (17)]

CM1=4 = moment coef� cient around the
1
4
Â point [Eq. (24)]

CN = normal force coef� cient [normal to the
airfoil chord; Eq. (24)]

C p.C pl , C pu ) = pressure coef� cient [on the lower or
upper airfoil surface; Eq. (24)]

Di jk = diffusion of ]u 00
i u 00

j (triple correlations,
pressure diffusion, and viscous
diffusion)

D"`
= diffusion of the turbulence

kinetic energy dissipation rate "
E3 = three-dimensionalEuclidean space
eMF = mean-� ow error [Eq. (18)]
= = imaginary part
F` = `-wise � ux [2 R12; Eqs. (3)]
FC

` = `-wise convective � ux
[2 R12; Eqs. (3)]

F J = approximate � ux used for the
approximate Jacobians
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FV
` = `-wise diffusive (viscous) � ux [2 R12;

Eqs. (3)]
F§ = � ux-split numerical convective � uxes

[Eqs. (2)]
»FN , ´FN , ³FN = numerical � uxes for the cell surfaces

transverse to the (» , ´, ³ )
grid directions

f = frequency
h = enthalpy
Mh t = total enthalpy of the mean � ow

( Qh C 1
2

Qu i Qu i ) [Eqs. (2) and (3)]
]h 00u00

` = `-wise turbulent heat � ux [Eqs. (3)]
.i; j; k/ = grid indices
K = reduced frequency
k = turbulence kinetic energy ( 1

2
]u00

i u00
i )

`g = grid-cell size used for de� ning
stability time step [Eq. (17)]

`T = turbulence length scale
M (Mis) = Mach number [isentropic Mach

number; Eq. (22)]
Mit = number of subiterations for the

solution of the nonlinear system
[Eq. (14)]

NPP = number of points (instants) per period
de� ning the physical
time step [Eq. (16)]

n` = components of the outgoing normal
of the control volume V i; j;k [Eqs. (10)]

p = pressure
qi = molecular heat � uxes
< = real part
Re = Reynolds number
Rg = gas constant (p D ½ Rg T )
R12 = real vector space of dimension 12
rMF = mean-� ow error reduction monitoring

subiterative convergence [Eq. (19)]
S = vector of source terms [2 R12; Eq. (4)]
S Mh t

= source term in the mean-� ow energy
equation35

»Si § 1=2; j;k , ´Si; j § 1=2;k , = cell-face areas of the staggered grid
³ Si; j;k § 1=2 cell V i; j;k

Su i u j , S" = source terms for the Reynolds stresses
and dissipation rate35

Sr = Strouhal number
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T = temperature
Tu = turbulence intensity
t = time
U` = Cartesian components of the

grid-displacementvelocity
V = velocity
V i; j;k = control volume of the staggered grid

around the point .i; j; k/42

VNN¤ = von Neumann number used for the
pseudo-time steps [Eq. (17)]

u i .u, v, w) = velocity components
w = vector of conservativevariables in the

Cartesian frame of reference [Eq. (2)]
x`.x , y, z) = Cartesian system of coordinates
® = angle of attack
° = isentropic exponent
1t = time step
±CPUm it = computing time required for one

subiteration
±i j = Kronecker symbol (components of the

order-2 identity tensor)
@ V i; j;k = surface bounding V i; j;k

"¤ = turbulence kinetic energy modi� ed
dissipation rate62

º = kinematic viscosity
½ = density
¿i j = viscous stresses
’ = phase angle
Â = airfoil chord

Subscripts

i , j , k, ` = vector or tensor components along the
correspondingdirection or coordinate

l , u = lower and upper airfoil surfaces
MF = mean � ow (Favre–Reynolds-averaged

quantities)
RSM = turbulence quantities (Reynolds

stresses and dissipation rate)
T = turbulent
t = total thermodynamic quantities
w = wall
x , y, z = vector or tensor components along the

correspondingcoordinate
» , ´, ³ = coordinates along grid lines (i , j , k,

respectively)
Â = based on pro� le chord Â
1 = conditions at in� nity

Superscripts

m = subiteration counter in the
dual-time-steppingprocedure
[Eq. (14)]

n = time level of the numerical
discretization

T = transpose

Q = Favre average
00 = Favre � uctuations

N = Reynolds average (ensemble average)

M = function of averaged quantities that is
neither a Favre average nor a
Reynolds average35

Introduction

F AVRE–REYNOLDS-AVERAGED Navier–Stokes solvers are
being increasingly used for the prediction of unsteady

� ows over complex con� gurations caused by solid bound-
ary displacement1¡5 or vibration,6¡9 induced by applied exter-

nal perturbations either prescribed10;11 or dynamically adapted
for active control,12 or associated with low-frequency large-
scale system instabilities,13¡17 eventually coupled with struc-
tural oscillations.18¡20 In all of these cases, it is tacitly as-
sumed that the characteristic frequencies of the phenomenon
are suf� ciently low, compared to the characteristic frequencies
of turbulence,21;22 so that statistical closures can be used with-
out any particular correction between resolved and nonresolved
scales.23

Most of these methods still use simple zero-equation1;6;15¡18;20

or one-equation3;12;19 turbulence closures. An increasing number
of investigatorsuse two-equationclosures,2;4;5;10;11;13;14;24¡27 which
have the advantage of avoiding the ambiguity that comes from the
dif� culty of de� ning length scales, necessary in zero-equationand
one-equation closures.25 Most of the three-dimensional unsteady
applications using multiequation turbulencemodels concern turbo-
machinery � ows with rotor/stator interaction. The basic reason for
this is that, in contrast to external aerodynamic applications where
often the thin shear-layer approximation is used,6;7 the � ows of
interest in turbomachinery1) are dominatedby viscous effects (tip-
clearancevortexandsecondary� ows); 2)often containlargeregions
of separated� ow, especially in compressors,where large separation
can be present at the nominal operating point; and 3) the wake de-
velopment must be described with suf� cient accuracy to predict
correctly the interaction of the wake with the downstream blade
row.

The use of fullReynolds-stressmodel (RSM) seven-equationclo-
sures is obviously the next step.28 The decisive advantageof taking
into account the anisotropy, without the restrictive assumptions of
algebraic Reynolds-stressmodels29 or explicit algebraic Reynolds-
stress models,30 is currently being exploited by an increasing num-
ber of investigatorswho use near-wall RSMs for steady � ows.31¡36

The same improvements are expected for unsteady � ows of the
type investigated here because the predictive quality of the un-
derlying steady � ow is essential for the satisfactory prediction of
the unsteady � ow around the average value. Substantial modeling
work is still necessary, including better modeling of the redistribu-
tion terms,37;38 improved description of the turbulence-dissipation
tensor,39 correct modeling of the compressibility effects,40 or full
RSM multiscale closures.41 This work cannot, however, be per-
formed, unless ef� cient and robust RSM Navier–Stokes solvers are
available for model evaluation in complex three-dimensional� ows
around realistic con� gurations.42

There are very few (only three to the authors’ knowledge)
three-dimensional solvers using seven-equation near-wall RSM
closures42;43¡45 that do not use wall functions and that have been
successfully applied to three-dimensional transonic � ows, with
shock-wave/boundary-layerinteractionand large separation.32¡36;38

To the authors’ knowledge the present work is the � rst at-
tempt to implement near-wall RSM closures for unsteady � ow
computations.

The application of the dual-time-stepping (DTS) technique46¡49

has rendered possible the unsteady computationof several complex
con� gurations,where very large differencesexist between the max-
imum and minimum cell sizes, a typical example being the compu-
tationof unsteady� ow throughturbomachinerytip clearance4 using
� ne grids. This is because implicit non-DTS methods have a maxi-
mum physical time-step limitation (because of the approximations
introduced in the implicit phase and in the implicit application of
the boundary conditions) that is greatly increased when using DTS
techniques, as was demonstrated by Rumsey et al.48 [who used an
implicitupwind schemewith an approximatelyfactored/alternating-
direction-implicit (AF-ADI) solver for the linear systems] and
Dubuc et al.49 (who used an implicit upwind scheme with a precon-
ditionned conjugate-gradient solver for the linear systems). Both
of these groups of researchers48;49 showed that the maximum time
step could be increased by at least an order of magnitude when us-
ing DTS. The DTS technique, where, at each physical time step,
a subiterative pseudo-time technique is used to solve the nonlinear
system of discretized equations, allows 1) the improvement of the
ef� ciency of the scheme by using non-time-consistent techniques
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for the subiterations47 and 2) the ensuring of O.1t 2/ accuracy,
which was rarely achieved by implicit schemes that did not include
subiterations.49 Of course, the use of the DTS technique introduces
the choice of the physical time step (time-discretization grid) and
the level of convergenceof the subiterations,as additionalimportant
numerical parameters.Rumsey et al.48 and Dubuc et al.49 have con-
ducted detailed studies on the in� uence of these two parameters on
the precision of the numerical method. Recently, Chassaing et al.42

have used the DTS technique for steady � ows, using local time
steps both for the time advancement and for the pseudo-time subit-
erations (LDTS) and obtained substantial improvements in com-
putational ef� ciency for � ows with large separation, using RSM
closures.

The purpose of the present paper is to develop an ef� cient
and robust method for the computation of compressible unsteady
� ows, using the three-dimensional Navier–Stokes equations with
near-wall wall-normal-free RSM closure. It is based on the exten-
sion of an analogous steady � ow method42 to unsteady � ows on
dynamic grids. The method uses an implicit upwind-biased dis-
cretization with dual time stepping. The computational ef� ciency
of the method is substantially improved by an appropriate ap-
proximation of the implicit matrices, which minimizes the com-
putational cost of the turbulence transport equations. An initial
two-dimensional validation of the method and parametric stud-
ies of the numerical parameters are presented for pitching os-
cillations of a NASA-0012 pro� le.50 Then the method is vali-
datedthroughcomparisonwith measurementsfor three-dimensional
shock-wave oscillation in a transonic nozzle, caused by � uctuating
backpressure.51

Flow Model and Computational Method
Flow Model

The � ow is modeled by the compressible Favre–Reynolds-
averaged three-dimensionalNavier–Stokes equations,35 coupled to
the six transport equations for the Reynolds stresses and the trans-
port equation for the turbulencekinetic energy modi� ed dissipation
rate,35 written symbolically (see the detailed description given in
published papers35;42 ):

@w
@t

C @F`

@x`

C S ´ @w
@t

C @Fx

@x
C @Fy

@y
C @Fz

@z
C S D 0 (1)

w D
£

N½; N½ Qu; N½ Qv; N½ Qw; N½ Mh t ¡ Np; N½]u 00u 00;

N½]u00v00; N½]v 00v 00; N½]v 00w00; N½]w00w00; N½]w00u 00; N½"¤
¤T 2 R12

F` D FC
` C FV

`
(2)

FC
` D

£
N½ Qu`; N½ Qu` Qu C Np±x`; N½ Qu` Qv C Np±y`; N½ Qu` Qw C Np±z`;

N½ Qu`
Mh t ; N½ Qu`

]u00u00; N½ Qu`
]u00v00; N½ Qu`

]v00v00; N½ Qu`
]v00w00;

N½ Qu`
]w00w00; N½ Qu`

]w00u 00; N½ Qu`"
¤
¤T

FV
` D

£
0; N½]u 00

`u 00 ¡ N¿`x ; N½]u 00
`v 00 ¡ N¿`y; N½]u 00

` w00

¡ N¿`z; Qu i . N½]u00
i u00

` ¡ N¿i`/ C . Nq` C N½]h 00u00
` /;

¡ Dx x`; ¡Dx y`; ¡Dyy`; ¡Dyz`; ¡Dzz`; ¡Dzx`; ¡D"`

¤T
(3)

S D ¡
£
0; 0; 0; 0; S Mht

; Suu; Suv; Svv; Svw ; Sww ; Swu ; S"

¤T
(4)

The terms Di jk , D"`
, S Mht

, S" , Sui u j , and ]h 00u 00
` depend on the par-

ticular closure used. In the computationalexamples reported in the
present paper, two RSM models were used [the Gerolymos–Vallet
model35 (GV) and a wall-normal-free version38 of the Launder–
Shima model52 (GSV-LSS)], but the numerical implementation de-
scribed in the following can be used with other closures.

Space Discretization
These equations[Eqs. (1)] are discretizedon a structureddynam-

ically deforming grid, using a � nite volume technique, with vertex
storage53¡55:

d

dt

µ Z Z Z

V i; j;k

w d V
¶

C
Z Z

@ V i; j;k

.F` ¡ wU`/n` dS

C
Z Z Z

V i; j;k

S dV D 0 (5)

where V i; j;k is bounded by the cell surface @ V i; j;k , with
outgoing-normal components n`. The divergence of convective
� uxes augmented by the grid-displacement effect ([FC

x ¡ wUx ;
FC

y ¡ wUy ; FC
z ¡ wUz]T 2 R12 ­E3 ) is discretized using the � ux-

vector-splitting method of Van Leer, as modi� ed by Anderson
et al.56 to take into account the grid-displacement velocities, with
O.1x3/ upwind-biased MUSCL interpolation with limiters (the
particular implementation of Anderson et al.57 was used). The
present implementation of the convective � uxes follows closely
the work of Anderson et al.57 and Thomas et al.58 The di-
vergence of viscous � uxes ([FV

x ; FV
y ; FV

z ]T 2 R12 ­E3) is dis-
cretized using an O.1x2/-centered scheme.42 De� ning a stag-
gered grid42 and noting .»; ´; ³ / the grid directions .i; j; k/,
.» Si § 1=2; j;k ; ´Si; j § 1=2;k;

³ Si; j;k § 1=2/ the cell-face areas of the stag-
geredgridcellaroundthepoint.i; j; k/, and ([» nx ; » n y;

» nz]T
i § 1=2; j;k ,

[´nx ; ´n y;
´nz]T

i; j § 1=2;k , [³ nx ; ³ n y;
³ nz]T

i; j;k § 1=2) the corresponding
unit normals (positive in the positive grid direction), the semi dis-
crete scheme can be written

dwi; j;k

dt
C 1

V i; j;k

2

6664

C» Si C 1
2 ; j;k

»FN
i C 1

2 ; j;k
¡ » Si ¡ 1

2 ; j;k
»FN

i ¡ 1
2 ; j;k

C´Si; j C 1
2 ;k

´FN
i; j C 1

2 ;k
¡ ´Si; j ¡ 1

2 ;k
´FN

i; j ¡ 1
2 ;k

C³ Si; j;k C 1
2

³FN
i; j;k C 1

2
¡ ³Si; j;k ¡ 1

2

³FN
i; j;k ¡ 1

2

3

7775

C
wi; j;k

V i; j;k

d V i; j;k

dt
C Si; j;k

»D 0 (6)

In this discretization the cell-volume variation is treated in a
semiconservativemanner. Although more accurate fully conserva-
tive techniques are available,53¡55 the present choice avoids stor-
ing the computational grid at various instants and gives satis-
factory results for aeroelastic applications. The numerical � ux is
given by

»FN
i § 1

2 ; j;k
D

£
FC

¡
w¡I » nx ; » n y;

» nzI Ux ; Uy; Uz

¢

C F¡
¡
wCI » nx ; » n y ; » nzI Ux ; Uy ; Uz

¢
C FV

`
» n`

¤
i § 1

2 ; j;k
(7)

The Van Leer � uxes F§.wI nx ; n y; nzI Ux ; Uy ; Uz/ are given by
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F§ D

2

66666666666666666664

0

0

0

0

0

0

0

0

0

0

0

0

3

77777777777777777775

|{z}
§ MMn < ¡1

; § N½ Ma . MMn § 1/2

4

2

66666666666666666666666666666664

1

nx
Ma
°

.¡ MMn § 2/ C Qu

n y
Ma
°

.¡ MMn § 2/ C Qv

nz

Ma
°

.¡ MMn § 2/ C Qw

¡.° ¡ 1/ MM 2
n § 2.° ¡ 1/ MMn C 2

° 2 ¡ 1
Ma2 C

QV 2

2
C

Un

°
.¡ QVn § 2 Ma/

]u 00u 00

]u00v 00

]v 00v 00

]v00w00

]w00w00

]w00u 00

"¤

3

77777777777777777777777777777775

| {z }
j MMn j · 1

;

2

66666666666666666666664

N½ QVn

N½ QVn Qu C Npnx

N½ QVn Qv C Npny

N½ QVn Qw C Npnz

N½ QVn
Mh t C NpUn

N½ QVn]u 00u 00

N½ QVn]u00v00

N½ QVn]v 00v 00

N½ QVn]v00w00

N½ QVn]w00w00

N½ QVn]w00u 00

N½ QVn"¤

3

77777777777777777777775

| {z }
§ MMn > 1

(8)

where MMn.wI nx ; n y; nzI Ux ; Uy; Uz/ D [ Qu`.w/ ¡ U`]n` Ma¡1.w/ D
QVn Ma¡1 is the normal Mach number relative to the moving grid and
Ma.w/ D

p
[° Rg

QT .w/] is the sound velocity. The MUSCL variables
are de� ned by an O.1x3/ upwind-biased interpolation, identical to
the one used for the steady version of the method.42

Grid Displacement
The grid velocities necessary for the de� nition of the numerical

� uxes are computed by solving a Laplace equation

r2Ux D r2Uy D r2Uz D 0 (9)

with Dirichlet boundary conditions prescribing the solid-wall dis-
placement velocities.59 These velocities are also used to compute
the cell-volume variation term [Eq. (4)] using the identity53¡55

d V i; j;k

dt
´ d

dt

µ Z Z Z

V i; j;k

d V
¶

D
Z Z

@ V i; j;k

U`n` dS

D

2

664

C» Si C 1
2 ; j;k

» Ui C 1
2 ; j;k ¡ » Si ¡ 1

2 ; j;k
» Ui ¡ 1

2 ; j;k

C´Si; j C 1
2 ;k

´Ui; j C 1
2 ;k ¡ ´Si; j ¡ 1

2 ;k
´Ui; j ¡ 1

2 ;k

C³ Si; j;k C 1
2

³ Ui; j;k C 1
2

¡ ³ Si; j;k ¡ 1
2

³ Ui; j;k ¡ 1
2

3

775 (10)

where » Ui § 1=2; j;k D » [U`n`]i § 1=2; j;k is the projection of the grid-
displacement velocity on the unit normal of the cell face.

Implicit Dual Time Stepping
Denoting by Li; j;k the discretizedform of the space operator [di-

vergence,volume variation,and source terms; Eq. (3)], the semidis-
crete equation at grid point .i; j; k/ gives

dwi; j;k

dt
C Li; j;k

»D 0 8i; j; k ()
dw

dt
C .w/ »D 0 (11)

wherew D [w1;1;1; w1;1;2; : : : ; wNi ;N j ;Nk]
T 2R12 £ Ni £ N j £ Nk and D

[L1;1;1; L1;1;2; : : : ; LNi ;N j ;Nk ]
T 2 R12 £ Ni £ N j £ Nk , are the global

vectorsof theunknownsandof the spaceoperators,respectively.The
time discretization of the semidiscrete scheme uses a O.1t 2/ im-
plicit scheme. The resulting system of nonlinearequations is solved
using a dual-time-steppingiterative technique.46¡49 Denoting 1t as

the physical time step and 1t¤
i; j;k the local dual-pseudo-timestep at

grid point .i; j; k/ and de� ning the diagonal matrix

1 ¤ D diag
£¡

1t¤
1;1;1

¢
I 12;

¡
1t¤

1;1;2

¢
I 12; : : : ;

¡
1t¤

Ni ;N j ;Nk

¢
I 12

¤
(12)

where I 12 denotesthe 12 £ 12 identitymatrix, the numericalscheme
between instants n and n C 1, for the dual subiteration m, can be
written

3[n C 1w] ¡ 4[nw] C [n ¡ 1w]

21t
C .n C 1w/ »D 0

H)
m C 1;n C 1w ¡ m;n C 1w

1 ¤ C 3[m C 1;n C 1w] ¡ 4[nw] C [n ¡ 1w]

21t

C .m;n C 1w/ C
@ J

@w
.m;n C 1w/[m C 1;n C 1w ¡ m;n C 1w] »D 0

(13)

where J .w/ is an approximation to the operator .w/, chosen so
as to minimize implicit work.42 (The baseline choice J D uses
the exact Jacobianin the implicitprocedure.) The followingiterative
procedure is obtained: Do m it D 1; Mit (subiterations)
µ

C 1 ¤¤ @ J

@w
.m;n C 1w/

¶
[m C 1;n C 1w ¡ m ;n C 1w]

»D ¡1 ¤¤

µ
3[m;n C 1w] ¡ 4[nw] C [n ¡ 1w]

21t
C .m ;n C 1w/

¶

(14)

where 2 R.12 £ Ni £ N j £ Nk / £ .12 £ Ni £ N j £ Nk / is the identity matrix,
1;n C 1w D nw, and

1 ¤¤ D 1 ¤

C .3=21t/1 ¤ ´
µ

C 3

21t
1 ¤

¶¡1

1 ¤ (15)

Note that the usual non-dual-time-stepping scheme57;56 is recov-
ered at the limit 1 ¤ ¡! 1 () 1 ¤¤ D 2

3
1t , with only one

subiteration (Mit D 1).

Approximate Jacobians
The computationalcost of the RSM method (and the correspond-

ing overhead in comparison with more conventional two-equation
closures) is basically caused a) by the computation and assembly
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of the Jacobian @ J =@w and b) by the solution of the linear sys-
tem [Eq. (14)]. The approximate jacobian is computed by replacing
the numerical � uxes FN [Eqs. (7) and (8)] by approximate � uxes
F J D FCJ C FVJ. The following approximationswere made42:

1) The convectivediscretizationis computedby taking the deriva-
tive of an O.1x/ stencil instead of the O.1x3/ stencil used for the
computationof the numerical � uxes, which is equivalentto comput-
ing the convectivepart of the approximate � uxes FCJ with MUSCL
variables in F§ [Eq. (8)] obtained using O.1x/ extrapolation.57

2) If no other particular approximation of the Jacobians is made,
then the computational overhead of the RSM method in compar-
ison with two-equation closures is easily estimated,42 to a factor
of almost three, a drawback that is raised by an ad hoc diagonal-
ization of the viscous Jacobians, obtained by using approximate
viscous � uxes FVJ such that @FVJ

` =@x` corresponds to an approx-
imate discretization of div.ºeq grad wp/ for every element wp of
w D .wpI p D 1; : : : ; 12/ except w1 D N½ (no diffusive � uxes in the
continuity equation), where ºeq is an equivalent diffusivity.42

3) Source-term Jacobians were neglected.
The detailed form of J and the associatedJacobian@ J=@w are

given in Chassainget al.,42 where it is shown that the introductionof
the preceding approximations modi� es the ratio of computational
effort per subiteration between two-equation and seven-equation
closures to 1:1.26 (a very substantial gain indeed compared to the
initial 1:4 ratio obtainedwhen the precedingapproximationsare not
used32 ).

Approximate Factorization and Boundary Conditions
In the presentwork the linear systems appearing at every subiter-

ation [Eq. (14)] are solvedusing an approximatelyfactoredADI-AF
method.42 The three successive spacewise linear systems are solved
using banded-LU factorization.42 To achieve the high time steps
used, it is indispensible to apply boundary conditions both implic-
itly and explicitly.Boundaryconditionsare treatedusing themethod
of characteristicsandare treated implicitlyfollowingthe corrections
method of Chakravarthy,42;44 applied to each linear system of the
ADI-AF.

Time Stepping
The time step 1t is chosen on the basis of the physical phe-

nomenon studied and determines the temporal resolution of the
simulation. The � ows considered in the present work are time peri-
odic of known frequency f . (They are caused by either an applied
time-periodic external perturbation or by time-periodic motion of
the solid boundaries.) For such � ows the time step is chosen by
prescribing the number of instants per period NPP that will be sim-
ulated:

1t D 1=. f NPP/ (16)

The dual local pseudo-time step is based on a combined convective
(Courant) and viscous (von Neumann) criterion42:

1t¤
i; j;k · min

±±
CFL¤

n
`g

.h
QV C Ma

q
1 C 5

6 .° ¡ 1/M2
T

io
;

VNN¤
£
`2

g

¯
.2ºeq/

¤²²
(17)

where QV is the � owvelocity, Ma is the soundvelocity,MT D
p

.2k Ma¡2/
is the turbulenceMach number, and ºeq is the equivalent diffusivity,
introduced by MacCormack (see Ref. 42). Typical choices of the
stability parameters are CFL¤ D VNN¤ D 10 ¡ 20.

Positivity, Boundedness, and Realizability Constraints
It is quite possible, during the subiterations, to have Reynolds

stresses that do not satisfy the realizability constraints introduced
bySchumann.60 Such anomalousbehavioris systematicallychecked
for at every subiteration. If the realizability constraints are not sat-
is� ed for a given grid point, then all turbulence variables are set to
zero at this grid point.42 These simple realizabilityand boundedness
� xes (which are completely explicit and as a consequence easy to

implement) stabilize the computations for all of the cases studied
using this method.32;35;36;42 In subsequent subiterations turbulence
builds up again through diffusion from neighboring nodes.

Computational Parameters
The parameters controlling the numerical scheme (time integra-

tion) are the number of instants per period NPP, the CFL number
CFL¤ for the dual pseudo-time step (assuming that VNN¤ D CFL¤)
and the numberof subiterationsperformedat each iteration Mit.nit/.
This number is chosen dynamically based on a convergence crite-
rion for the subiterations. The relative variation of the mean � ow
eMF is monitored using the following error L2 pseudonorm42:

eMF[wMF; 1wMF] D

log10

s
1

5

»P
[1 N½]2

P
[ N½]2

C
P

[1. N½ Qui /1. N½ Qu i /]P
[ N½ Qui N½ Qu i ]

C
P

[1. N½ Mht ¡ Np/]2

P
[ N½ Mht ¡ Np]2

¼

(18)

where
P

implies summation over all of the grid nodes and the
summationconventionfor the Cartesian indices i; j D 1; 2; 3 is used
[meaning for instance that the relative variation of the momentum
vector is used in Eq. (18) for eMF]. This quantity is used to de� ne
the subiterativeconvergenceof the increment by the error reduction
between subiterations [m; n C 1] and [m C 1; n C 1] [Eq. (14)]:

rMF.m C 1; n C 1/ D log10

»
10[eMF .m C 1;n C 1/] ¡ 10[eMF .m ;n C 1/]

10[eMF.m;n C 1/]

¼

(19)

where eMF.m C 1; n C 1/ ´ eMF[nwMF; m C 1;n C 1wMF ¡ nwMF]. The
reduction rMF indicates approximately the number of digits
to which the increment is converged during the subiterations.
The time-integration scheme is therefore de� ned by the triplet
[NPP; CFL¤I Mit; rMF] D [NPP; CFL¤I ¡; rMF], where Mit is deter-
mined dynamically at each time step by the value of rMF. The corre-
sponding quantities for the turbulence variables42 (eRSM and rRSM)
were also monitored,but they were not used in determining Mit.n it/
because rRSM usually diminishes faster than rMF.

Computational Results
Con� gurations Studied

To validate the computational method for unsteady � ows on dy-
namic grids, comparisons with measurements are presented for a
NACA-0012airfoil,oscillatingin pitcharoundquarter-chord.50 This
is a two-dimensionaltest case and was used for the systematic eval-
uation of the parameters of the numerical scheme. This test case is
not very sensitive to the turbulence model used, but it was chosen
because it is well documented and has been previously used for
computationalmethod validation by various authors.49

The validity of the method for three-dimensional � ows with
shock-wave/boundary-layerinteractionis further illustratedby con-
sidering shock-wave oscillations in a transonic nozzle,51 caused
by � uctuating backpressure, at various frequencies (20, 80, and
180 Hz).

NACA-0012 Airfoil
This is a well-known test case that has been computed by many

authors49 and is known as the AGARD-CT5 test case.50 The airfoil,
whose chord Â D 0:1016 m, was mounted in a wind tunnel with
slotted � oor and roof walls and oscillated in pitch around quarter-
chord. The pitching oscillationwas harmonic and resulted in a time
variation of the instantaneousangle of attack:

®.t/ D 0® C 1® sin.2¼ f t/ (20)

where 0® is the time-mean angle of attack and 1® is the pitching
amplitude. The transition is free, both for the experiment and the
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Table 1 Computational grids used for the NACA-0012 CT5 test case50 and steady-� ow global normal force
and pitching-moment coef� cients computed using the Gerolymos–Vallet35 RSM

Grid Ni
a;b N j

a;b r j
c riLE

c riTE
c nC

w
d CN

e CM1=4
f

A 161 61 1.350 1.16 <1.30 <0.35 0.3184£ 10¡2 0.4738£ 10¡4

B 161 91 1.195 1.16 <1.30 <0.40 0.3511£ 10¡2 0.1899£ 10¡4

C 201 91 1.195 1.13 <1.25 <0.40 0.3502£ 10¡2 0.2257£ 10¡4

D 161 131 1.123 1.16 <1.30 <0.35 0.3102£ 10¡2 0.6740£ 10¡4

E 201 111 1.150 1.13 <1.25 <0.40 0.3377£ 10¡2 0.3012£ 10¡4

F 201 211 1.068 1.13 <1.25 <0.40 0.3012£ 10¡2 0.7922£ 10¡4

G 401 211 1.068 1.06 <1.10 <0.40 0.3053£ 10¡2 0.7858£ 10¡4

ai , j D grid directions.
b Ni , N j D number of points.
cr j , riLE , riTE D geometric progression ratio.
dnC

w D nondimensional distance of the � rst grid node away from the wall.
eCN D normal force coef� cient.
fCM 1=4 D pitching-moment coef� cient around 1

4 Â .

Fig. 1 Comparison of computed isentropic Mach number (M̧is from steady computations using an RSM closure35 and an LDTS steady time-
integration scheme42 and time-averaged hhM̧isii from the unsteady computations of Fig. 2) and measured50 time-averaged hhM̧isii distributions on the
NACA-0012 airfoil surface (M1 = 0:755, ReÂ = 5:5 ££ 106, pitching oscillations around 1

4 Â, SrÂ = 0.0259; grid G).

computations. The experimental values of the normal force coef� -
cient CN , the pitching-moment coef� cient CM1=4, and the angle-of-
attack parameters®, 0®, and 1® have been correctedby Landon50 to
take into account the wall interferences related to the small tunnel-
height-to-airfoil-chord ratio of 4.5.

The computational grid59 is an O-grid, geometrically stretched
with ratio r j away from the blade, and adjusted, at the far� eld, to
a square, whose sides are parallel to the incoming � ow.59 The grid
points on the airfoil surface are stretched geometrically,61 near the
leading edge (with ratio riLE) and near the trailing edge (with ra-
tio riTE ), and the O-grid is generated biharmonically.61 The grid is
also stretched in the region of the wake, transversally.59 All of the
grids used extended »17Â away from the airfoil,48;49 and far-� eld
boundary conditions were applied using the method of Riemann
invariants.19;25 The computations (Fig. 1) were run at the experi-
mental conditions

M1 D 0:755; ReÂ D 5:5 £ 106; Tt1 D 280 K

pt1 D 382;197:9 Pa; Tu1 D 0:005; `T1 D 0:1 m

f D 62 Hz; 0® D 0:016 deg; 1® D 2:51 deg

K 1
2

D 0:0814; K D 0:1628; SrÂ D 0:0259 (21)

where M1 is the Mach number at the far � eld, Tt1 is the total
temperature at the far � eld, pt1 is the total pressure at the far � eld,
ReÂ D V1Âº¡1

1 is the Reynolds number, V1 is the air velocityat the
far � eld, º1 is the kinematicviscosityat the far� eld, K D 2¼ f Â V ¡1

1
is the reduced frequency based on chord length, K1=2 D 1

2
K is the

reduced frequency based on half-chord length, and SrÂ D f Â V ¡1
1

is the Strouhal number. No information on turbulence intensity
Tu1 D

p
. 2

3
k1/V ¡1

1 or turbulence length scale `T1 D k3=2
1 "¡1

1 at the
far � eld was available in the experimental database,50 so that the
values used were chosen arbitrarily (k1 and "1 are the turbulence
kinetic energy and its dissipation rate at the far � eld). Although
these quantities can have a nonnegligible in� uence on the develop-
ment of the boundary layers on the airfoil surface, for the particular
case considered here the pressure distributions on the airfoil are
not substantially in� uenced by viscous effects. (This is substan-
tiated by the satisfactory agreement with measurements obtained
by Dubuc et al.49 using Euler equations.) For this reason no para-
metric study on Tu1 and `T1 was undertaken. A preliminary grid-
in� uence study was conducted for steady � ow conditions at the
time-mean angle of attack ®1 D 0®, concerningboth i -wise (around
the blade) and j -wise re� nement (Table 1). Although some small
differencesare observed in the force and moment coef� cients (both
are very near 0 because of the very slight angle of attack and the
symmetric geometry of the airfoil), the pressure distributions on
the airfoil surface are practically identical between the different
grids.

Computed instantaneous pressure distributions on the airfoil
(Fig. 2), for various instants in the period, are in excellent agree-
ment with measurements on the lower surface, but underestimate
the upper-surface shock strength at the higher positive incidences
(2 deg · ® · 2.5 deg). The pressure distributions are presented in
the form of isentropic Mach number

MMis. Np; pt1 / D
q©

[2=.° ¡ 1/]
£
.pt1 = Np/.° ¡ 1/=° ¡ 1

¤ª
(22)
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Fig. 2 Comparison of computed (using an RSM closure35 and the [NPP; CFL¤; Mit; rMF ] = [360; 10; ¡; ¡1:5], [720; 10; ¡; ¡1:5] time-integration
DTS schemes) and measured50 instantaneous M̧is distributions for various values of instantaneous angle of attack ®(t) [Eq. (20); ##, nose-down motion
of the airfoil; "", nose-up motion of the airfoil] on the NACA-0012 airfoil surface (M1 = 0.755, ReÂ = 5:5 ££ 106, pitching oscillations around 1

4 Â, SrÂ =
0.0259; grid B).

which is directly related to the pressurecoef� cient C p . The discrep-
ancy on the upper surface is better understood by considering the
time-mean value of the isentropicMach number, both measured and
computed (Fig. 1):

h MMisi D f

Z t0 C f ¡1

t0

MMis.t/ dt (23)

The agreement is again excellent on the lower surface, as the un-
steady effects smear the pressure distribution in the shock-wave
neighborhood, in agreement with the time-averaged value of the
measurements. However, although the computed results are almost
symmetrical between the upper surface and the lower surface there
is a noticeable difference in the mesurements. This experimen-
tally observed asymmetry cannot be explained by the negligible
mean incidence 0® D 0:016 deg. The causes of the experimental
data asymmetry are not clear (some preliminary tests of M1 and
®1 variation were not conclusive), but this asymmetry should be
remembered when comparing unsteady global force and moment
coef� cients

CN D
Z 1

0

.Cpl ¡ C pu / d

³
xÂ

Â

´

CM 1
4

D
Z 1

0

.C pl ¡ C pu /

³
1

4
¡

xÂ

Â

´
d

³
xÂ

Â

´
; C p D

Np ¡ p1
1
2
½1V 2

1

(24)

Measured CN and CM1=4 were compared (Fig. 3) with compu-
tations using the 161 £ 91 grid B (Table 1) for various values of
physical time step (number of instants per period NPP D 90, 180,
360, 720, 1440) with a reduction rMF D ¡1:5 (Figs. 3c and 3d) and
for various values of reduction (rMF D ¡1; ¡1:5; ¡2; ¡2:3) with
NPP D 360 (Figs. 3a and 3b). Satisfactoryagreement (and numerical
convergence) is achievedwith the scheme [360; 10I ¡; ¡1:5], but it
is noteworthy that stable computations are obtained for even larger
physical time steps, corresponding to CFLmax » 2 £ 106 (Table 2).
These values of CFLmax are quite large indeed and corroborate the
general experience of the authors,32;35;36;42 that well-implemented

RSMs are more stable than zero-equation, one-equation, or even
two-equation closures. As far as the in� uence of reduction is con-
cerned, it is observed that rMF D ¡1 is insuf� cient to obtain numer-
ically converged results for CM1=4 (Fig. 3d), although the results
obtained for CN (Fig. 3c) are satisfactory.

Three-Dimensional Transonic Channel
The validity of the method is further illustrated by considering

shock-wave oscillations in a transonic nozzle.51 The experimental
setup has been described in detail by Ott et al.51 On the nozzle liners
the boundary layer was cut off before the throat, whereas on the
side walls the boundary layers were not modi� ed. (These relatively
thick side-wall boundary layers interact with the shock wave at the
nozzle cornersand producethe signi� cant three-dimensionalblock-
age effects observed.) At the exit section of the nozzle, a rotating
cylindrical rod with elliptical cross section induces a shock wave in
the test section, which oscillates with the rotation of the rod.51

Previous unsteady three-dimensional computations of this
con� guration10 for a frequency of 180 Hz, using the Launder–
Sharma62 k–" model, have shown quite satisfactoryagreementwith
experimental measurements. This previous study10 used an O.1t/
non-DTS AF-ADI method (approximately factored alternating-
directions-implicit), without subiterations. The computations were
run with CFLmax D 500 and required NPP D 15,408 instants per pe-
riod. At the time of this previous study,10 the high required comput-
ing times precludedthe computationsof lower frequencyexcitations
(for which experimental data were available51), for which model
one- and-one-half Euler computations demonstrated however that
the � ow was not quasi-steady.10

In the present work this con� guration was studied using the DTS
method, with both the Launder–Sharma62 k–" model and a wall-
normal-free version of the Launder–Shima52 model (GSV-LSS),
developed by the authors.38 Only 1

4 of the nozzle was discretized
(Table 3). At the in� ow boundary a reservoir condition was ap-
plied (because the � ow is choked and no signi� cant perturbation
reaches the in� ow boundary), using the experimentallydetermined
conditions51

pti D 168,600 Pa; Tti D 323 K; ±yi D 0:5 mm

±zi D 5 mm; Tui D 1:6%; `Ti D 0:3 mm (25)
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where ±yi is the boundary-layerthicknessat in� ow on the nozzle lin-
ers, ±zi the boundary-layer thickness at in� ow on the side wall, pti
the in� ow total pressure outside the boundary layers, Tti the in� ow
total temperature outside the boundary layers, Tu i the turbulence
intensity at in� ow, and `Ti the turbulencelength scale at in� ow. The
boundary-layer thicknesses at in� ow were approximately10 chosen
to represent the thick side-wall boundary layers51 and the effect of
removing the boundary layers on the liners.51 Symmetry conditions

Table 2 In� uence of time-integration DTS scheme parameters NPP
and rMF on computing time requirements for the CT5 test case50

(NACA-0012 airfoil oscillating in pitch around 1
4 Â, M1= 0.755,

ReÂ = 5.5 ££ 106, SrÂ = 0.0259; grid B)

NPP rMF CFL¤ Mit
a CFLmax CPU, sb

90 ¡1:5 10 13–22 17.4£ 105 111
180 ¡1:5 10 11–23 8.7 £ 105 199
360 ¡1:5 10 9–19 4.4 £ 105 356
720 ¡1:5 10 9–16 2.2 £ 105 663
1440 ¡1:5 10 8–16 1.4 £ 105 1268
360 ¡1:0 10 7–9 4.4 £ 105 233
360 ¡1:5 10 9–19 4.4 £ 105 356
360 ¡2:0 10 12–52 4.4 £ 105 548
360 ¡2:3 10 18–92 4.4 £ 105 769

aNumber of subiterations required to reduce the error in the time increment rMF to
the required value.
bCPU required for the simulation of one oscillation period on a NEC-SX5 computer
using a 2-G� ops code.

Table 3 Computational grids used for the discretization of 1
4 of the Ott et al.51 transonic channel

Grid Ni .Nx /a;b N j .Ny/a;b Nk .Nz/
a;b Points yC

w
c

zC
w

c r j
d rk

d L x , me L y , me Lz , me

A 121 57 49 0.34£ 106 »0:5 »0:5 1.182 1.194 0.264 0.04 0.02
B 201 57 49 0.56£ 106 »0:5 »0:5 1.182 1.194 0.264 0.04 0.02
C 201 111 91 2.03£ 106 »0:5 »0:5 1.081 1.09 0.264 0.04 0.02

ai , j , k D grid directions.
b Ni , N j , Nk D number of points.
c yC

w , zC
w D nondimensional distance of the � rst grid node away from the wall.

dr j , rk D geometric progression ratio.
e L x , L y , L z D length.

Fig. 3 Comparison of measured50 normal force coef� cient CN and pitching-moment coef� cient CM1==4 as a function of instantaneous angle of attack
and computed results, using an RSM closure35 and different numbers of instants per period (NPP = 90, 180, 360, 720, 1440) with a � xed reduction
rMF = ¡1.5 and different reduction values (rMF = ¡1, ¡1:5, ¡2, ¡2:3) with a � xed NPP = 360 (NACA-0012 airfoil oscillating in pitch around 1

4 Â,
M1 = 0.755, ReÂ = 5.5 ££ 106, SrÂ = 0:0259; grid B).

were applied at the y-wise and z-wise symmetry planes and an adi-
abatic no-slip condition at the solid walls. At the out� ow boundary
(x D xo) the pressure signal is imposed, described as the sum of 12
time harmonics obtained from the measurements10

Np.t; xo; y; z/ D po.t/ D 0 po C
12X

m D 1

£­­m Opo

­­cos
¡
2¼m f t C m ’o

¢¤

8y; z (26)

where 0 po is the time-mean out� ow pressure, jm Opoj and m’o the
amplitudes and phase angles of the Fourier coef� cients, and m
the harmonic number. The out� ow boundary condition imposes
the pressure [and its time derivative in the implicit phase of the
scheme, which is easily computed10 from Eq. (26)] and extrap-
olates all other variables.44 To achieve high time steps, it is in-
dispensible to apply boundary conditions both implicitly44 and
explicitly.

Unsteady computations were started from a converged steady-
state � ow� eld, corresponding to the average backpressurebetween
the two extremepositionsof the rod.10 The computationsconvergeto
a periodic state after the simulationof two periods10 (Figs. 4–6). An
[NPP; CFL¤I Mit; rMF] D [360; 20I ¡; ¡1:5] DTS time-integration
scheme was used, which, based on the previous NACA-0012 os-
cillating airfoil study, seems adequate. Computations for three rod-
rotation frequencies ( f D 20, 80, 180 Hz) show quite satisfactory
agreement with measurements (Figs. 4–6), both for the time signals
of unsteady pressures Np.t/ ¡ h Npi and for the x-wise distribution of
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Fig. 4 Comparison of computed [using the Launder–Sharma62 k–" model, both with an O(¢t) AF-ADI non-DTS scheme10 and with an O(¢t2)
[NPP; CFL¤; Mit ; rMF] = [360; 20; ¡; ¡1:5] DTS scheme and using the wall-normal-free version38 of the Launder–Shima52 RSM with the same O(¢t2)
DTS scheme] and measured51 unsteady pressures (d–k) at various axial locations at the y-wise symmetry plane on the side wall of the Ott et al.51

nozzle and x-wise distributions of the pressure harmonic 1¹̂p (a–c) for a frequency f = 180 Hz [O(¢t) k–", grid A; O(¢t2) k–", grid B; RSM, grid C].

the � rst-pressure harmonic 1 ONp, where

h Npi ´ 0 Np D f

Z t0 C f ¡1

t0

Np.t/ dt

m ONp D <.m ONp/ C i=.m ONp/ D 2 f

Z t0 C f ¡1

t0

Np.t/e¡i2¼m f t dt (27)

For the higher frequency( f D 180 Hz; Fig. 4) the previouslypub-
lished non-DTS O.1t/ k–" computations10 are included as well.
The agreement between the three computations and measured un-
steady pressures (Figs. 4d–4k) is excellent, with the exception of
the DTS O.1t2/ k–" computation at x D 29 mm (Fig. 4j), which
slightly overestimates the unsteady pressure amplitude. However,

the unsteady pressure plot scale is different on each plot (Figs. 4d–

4k), so that the discrepancy is in reality slight and is not visi-
ble on the 1 ONp x-wise distributions (Figs. 4a–4c). This difference
between the non-DTS O.1t/ and the DTS O.1t 2/ k–" compu-
tations is in reality caused by the use of different limiters for
the MUSCL variables between the two computations, which in-
troduces a slight difference in the position of the steady shock
wave. For the intermediate ( f D 80 Hz; Fig. 5) and for the lower
( f D 20 Hz; Fig. 6) frequencies, the agreement between the DTS
O.1t 2/ computations (k–" and RSM) and the measurements is
quite good, despite some small discrepancies in the shock-wave
neighborhood between the two computations. These discrepancies
are attributed to a slight difference in the steady shock-wave posi-
tion predicted by each model, mainly because different grids were
used for each model. Note in particular the differences in the k–"
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Fig. 5 Comparison of computed [using the Launder–Sharma62 k–" model and the wall-normal-free version38 of the Launder–Shima52 RSM with
the O(¢t2) [NPP; CFL¤; Mit; rMF ] = [360; 20; ¡; ¡1:5] DTS scheme] and measured51 unsteady pressures (d–k) at various axial locations at the y-wise
symmetry plane on the side wall of the Ott et al.51 nozzle and x-wise distributions of the pressure harmonic 1¹̂p (a–c) for a frequency f = 80 Hz (k–",
grid A; RSM, grid C).

computations using two different grids (Fig. 4), clearly indicating
that the observed discrepancies are not signi� cant in comparing
turbulence models. This is also corroboratedby considering the x-
wise distributions of 1 ONp (Figs. 4–6), where differences are indeed
slight.

Interesting conclusions can be drawn from a close examination
of the computing time requirements between various computations
(Table 4). As far as the computational time per grid point and per
subiteration±CPUm it of the two turbulencemodels is concerned, the
RSM overheadcomparedto k–" is »26% (becauseof the carefulde-
sign of approximateJacobians42). Furthermore, the numberof subit-
erations required for the two models (grid A, f D 180 Hz; Table 4)
to obtain a given increment-error reduction rMF is approximately
the same. This leads to the conclusion that the overall computing
time overheadof the RSM computationscompared to k–" computa-
tions is roughly 26%. Consideration of the DTS k–" computations

for the three different frequencies (grid A) shows that, for a given
number of instants per period NPP and a given increment-error re-
duction rMF, Mit increases slowly with decreasing frequency (as f
diminishes by a factor 9 between 180 and 20 Hz, and, for a con-
stant NPP D 360, the physical time step 1t increases by the same
factor; the number of subiterations Mit only doubles). Quite high
CFLmax are obtained (Table 4), especially for the RSM computa-
tions on the 2.03£ 106 points grid C (up to CFLmax D 3:42 £ 106

for the lowest frequency f D 20 Hz), demonstrating the robustness
of the method. Note again that the number of subiterations Mit in-
creases much slower than CFLmax (Table 4). Finally, comparison
with the preceding non-DTS AF-ADI computations10 indicates a
factor 4 gain in CPU time for the highest frequency f D 180 Hz
when using the DTS scheme. (This gain would be of »30 for the
lowest frequency f D 20 Hz because for the non-DTS method NPP

is inversely proportional to frequency.)
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Table 4 Computing time requirements for the computation of three periods of rod rotation of 1
4 of the Ott et al.51 transonic channel

Grida Ni £ N j £ Nk
b;c f , Hzd Closuree Schemef CFLmax

g Mit
h ±CPUm it , ¹si CPU, hj

A 0.34£ 106 180 k–" [30744; 1I 1; ¡] (ADI10 ) 250 1 »5.8 50.6
A 0.34£ 106 180 k–" [15408; 1I 1; ¡] (ADI10 ) 500 1 »5.8 25.3
A 0.34£ 106 180 k–" [720; 20I ¡; ¡1:5] (DTS) 0.08 £ 106 9–13 »5.8 14.9
A 0.34£ 106 180 k–" [360; 20I ¡; ¡1:5] (DTS) 0.16 £ 106 10–13 »5.8 7.5
A 0.34£ 106 180 RSM [360; 20I ¡; ¡1:5] (DTS) 0.16 £ 106 10–13 »7.3 9.2
A 0.34£ 106 80 k–" [360; 20I ¡; ¡1:5] (DTS) 0.36 £ 106 12–18 »5.8 9.4
A 0.34£ 106 20 k–" [360; 20I ¡; ¡1:5] (DTS) 1.44 £ 106 18–23 »5.8 13.2
B 0.56£ 106 180 k–" [360; 20I ¡; ¡1:5] (DTS) 0.22 £ 106 11–14 »5.8 12.7
C 2.03£ 106 180 RSM [360; 20I ¡; ¡1:5] (DTS) 0.38 £ 106 15–18 »7.3 71.1
C 2.03£ 106 80 RSM [360; 20I ¡; ¡1:5] (DTS) 0.86 £ 106 18–22 »7.3 83.4
C 2.03£ 106 20 RSM [360; 20I ¡; ¡1:5] (DTS) 3.42 £ 106 23–28 »7.3 111.6

aGrid D grid used (Table 3).
b i, j , k D grid directions.
c Ni , N j , Nk D number of points.
d f D frequency of rotation of the rod.
eClosureD turbulence model used (k–"62 or RSM38 ).
fScheme D time-integration parameters ([NPP; C F L¤I Mit ; rMF]).
gCFLmax D maximum value of C F L number.
h Mit D required number of subiterations.
i±CPUm it D CPU time per grid point required for one subiteration with a 2-G� ops sustained performance code.
jCPU D CPU-time (h) required for the computation of three periods with a 2-G� ops sustained performance code (previous ADI computations10 CPU time requirements were
scaled to the current code performance).

Fig. 6 Comparison of computed [using the Launder–Sharma62 k–" model and the wall-normal-free version38 of the Launder–Shima52 RSM, with
the O(¢t2) [NPP; CFL¤; Mit; rMF ] = [360; 20; ¡; ¡1:5] DTS scheme] and measured51 unsteady pressures (d–k) at various axial locations at the y-wise
symmetry plane on the side wall of the Ott et al.51 nozzle and x-wise distributions of the pressure-harmonic 1¹̂p (a–c) for a frequency f = 20 Hz (k–",
grid A; RSM, grid C).
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Conclusions
In the present work a computationalmethodology for the numer-

ical integration of the unsteady Favre–Reynolds-averaged Navier–
Stokes equations with near-wall RSM closure was presented and
analyzed, yielding the following conclusions:

1) A careful O.1x3/ upwind-biased implicit implementation of
the RSM closure, with explicit application of appropriate realiz-
ability constraints,yields a particularly robust method allowing the
routine computationof complex unsteady � ows. Computational ef-
� ciency is achieved by using approximate Jacobians, in the im-
plicit phase, which uncouple the mean-� ow (MF) equations from
the RSM equations (while retaining the feedback of MF increments
on the RSM equations), so that the implicit phase of the RSM equa-
tions corresponds to an implicit scalar approximation. In this way
the overall computational cost of the RSM seven-equation closure
computations is only »26% higher than the cost of two-equation
closures (compared to a factor 3–4 overhead when not using ap-
proximate Jacobians).

2) The unsteady computations are run using an O.1t 2/ im-
plicit DTS scheme, where the number of subiterations is dynam-
ically chosen to obtain a given level of convergence (rMF) of the
increments. The method achieves quite high physical time steps
(CFLmax » 106 ¡ 107), using the RSM closure in three-dimensional
transonic � ows, with a reasonablenumber of required subiterations
(Mit » 10 ¡ 20). Subiterationsarebasedon an ADI-AF methodwith
pseudo-time steps CFL¤ D 10 ¡ 20.

3) Comparison of two-dimensional computations for the
AGARD-CT5 test case of a NACA-0012 airfoil oscillating in
pitch shows satisfactory agreement with measurements (and high-
lights the experimental setup bias of unexpected upper/lower side
asymmetry). Systematic tests of computational parameters indi-
cate that a logarithmic reduction of the increment convergence
rMF D ¡1:5, associated with NPP D 360 instants per period, is a sat-
isfactory choice.

4) Comparisonof three-dimensionalcomputationswith measure-
ments for shock-wave oscillation in a transonic nozzle show quite
satisfactoryagreementfor theentire rangeof experimentallystudied
frequencies(0–180 Hz) and demonstrate the robustnessof the RSM
methodology. They also substantiate the conclusion that the over-
head of the RSM computations compared to two-equation closures
is only »26%. Small discrepanciesare observed, in the shock-wave
neighborhood,between various computations.These discrepancies
are attributed to a slight difference in the steady shock-wave posi-
tion predicted by each model, mainly because different grids were
used for each model, and are not signi� cant in comparing turbulence
models.

It is believed that the present work contributes in demonstrating
the feasibilityof ef� cient and robustunsteadysolverswith near-wall
wall-normal-free RSMs, and it is hoped that the method developed
will allow testing and assessment of RSM closures in complex un-
steady � ows.
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39Jakirlić, S., and Hanjalić, K., “A New Approach to Modellingnear-Wall
Turbulence Energy and Stress Dissipation,” Journal of Fluid Mechanics,
Vol. 459, 2002, pp. 139–166.

40Pantano, C., and Sarkar, S., “A Study of Compressibility Effects in the
High-Speed Turbulent Shear Layer Using Direct Simulation,” Journal of
Fluid Mechanics, Vol. 451, 2002, pp. 329–371.

41Wilcox, D. C., “Multiscale Model for Turbulent Flows,” AIAA Journal,
Vol. 26, No. 11, 1988, pp. 1311–1320.

42Chassaing, J. C., Gerolymos, G. A., and Vallet, I., “Ef� cient and Robust
Reynolds-Stress Model Computation of Three-Dimensional Compressible
Flows,” AIAA Journal, Vol. 41, No. 5, 2003, pp. 763–773.

43Morrison, J. H., “A Compressible Navier–Stokes Solver with 2-
Equation and Reynolds-Stress Turbulence Closure Models,” NASA CR
4440, May 1992.
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